Cyclic normal subgroups of fundamental groups of 3-manifolds  by Gordon, C.McA. & Heil, Wolfgang
Topology Vol. 14. pp. 3X--M9. Pergmon Press 1975. Printed in Circa1 Britain 
CYCLIC NORMAL SUBGROUPS OF 
FUNDAMENTAL GROUPS OF 3-MANIFOLDS 
C. McA. GORWN? and WOLFGANG HEIL 
(Receiued 6 May 1975) 
LET M be a compact, connected, orientable 3-manifold. If M is a Seifert fibre space (other than 
S”), then a,(M) has a non-trivial cyclic normal subgroup, namely that generated by the class of 
an ordinary fibre. If the orbit-surface (Zerlegungsfliiche) of the fibring is orientable, then this 
subgroup is central. Conversely, Waldhausen has shown[ll] that if M is irreducible and 
sufficiently large (in the sense of [12]), and if r,(M) has a non-trivial centre, then M has a Seifert 
fibring with orientable orbit-surface. By an argument based on Waldhausen’s we prove the 
following (which was announced in [4]). 
THEOREM. Let M be a compact, connected, orientable, irreducible and sujiciently large 
3-manifold. If v,(M) contains a (non-trivial) cyclic normal subgroup, then either 
(i) M is a Seifert fibre space or 
(ii) there exists a closed surface Fin M which separates M into two twisted line bundles over a 
non-orientable surface G. 
In particular, if aM # 0, then M is a Seifert fibre space. We do not know whether there are any 
manifolds M of type (ii), such that r,(M) has a non-trivial cyclic normal subgroup, which are not 
Seifert fibre spaces. H. Zieschang[l3] claims a stronger theorem, using Smith Theory, which 
implies that the manifolds in case (ii) are in fact Seifert fibre spaces. However our proof is 
elementary in the sense that no deep results about Fuchsian groups are used. 
Unless otherwise stated, from now on all 3-manifolds will be compact, connected, orientable 
and irreducible, and all surfaces compact, connected, orientable and properly embedded (i.e. if 
F c M, then F II aM = aF). If F C M, U(F) = F x I will denote a regular neighborhood of F in 
M. For notational convenience, we shall sometimes not distinguish between a closed curve and 
the corresponding element of the appropriate fundamental group. A 3-manifold is sufficiently 
large if it contains an incompressible surface. 
First we have the following purely algebraic result. 
LEMMA 1. If N is a cyclic normal subgroup of a proper free product with amalgamation A*cB 
such that N I$ C, then C is of index 2 in A and B. 
Proof. Choose coset representatives for C in A and B. Then every x E A*=B has a unique 
expression as a product cgl . . . g,, where c E C, and the gi are non-trivial coset representatives 
of C in alternate factors; r = A(x) is the length of x. 
Let .z be a generator of N. Then for each g E A *=B, g-‘zg = z”“’ for some integer 
n(g). Note that since z n(g)n(g-‘) = z, g-’ zg is also a generator of N. Since N $ C, A(z) # 0. Also, if 
A (z) = 1, then A (z ” ) 5 1 for all n, whereas if g belongs to the factor not containing z, and g $ C, 
then A(g-‘zg) = 3. Hence A(z) 2 2. Now let z be chosen so that A(z) is minimal, so we have 
z=cg1... g., say, r 2.2. Then g1 and g, belong to different factors, for otherwise g,zg,-’ would be 
a generator of N of length < r. So assume without loss of generality that g1 E A and gr E B. Let 
g be any element of B - C. If g,g $: C, then A(g-‘zg) = r + 1. But, since gl and g, belong to 
different factors, A (z”) = In Ir for all n. Since r L 2, it follows that g,g E C. Hence C is of index 2 
in B. The same argument applied to z-l shows that C is also of index 2 in A. 
LEMMA 2. Let M’ be a Seifert fibre space with aM’ # 0. Then the subgroup {h} generated by a 
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fibre of JM’ is the unique maximal cyclic normal subgroup of n,(M’), unless M’ is S’ x D’, 
S’ x S’ x I, or the orientable S’-bundle over the Miibius band. 
Proof. This essentially follows from [8, Satz 11. The relevant exceptional cases are (I’= 0 
throughout): 
p=O, nil, m=l:S’xD’; 
p=O, n=O, m =2:S’xS’xI; 
k=l, n=O, m=l 
1 
:orientable S’-bundle over 
p=O, n=2, m=l, (Y, = CY~ = 2 Miibius band. 
(The last case, which is omitted in [8], was kindly communicated tous by E. Vogt. It can be 
described as follows. Let (Y : S’ + S’ by reflection in some diameter. Let 1, be a closed interval, 
and let /3 : 1, + I, be reflection about its mid-point. Let A be the annulus S ’ x IO, and let f : A + A 
be (Y x p. Now consider A x I/f, that is, A x I with A x 0 and A x 1 identified by the 
homeomorphism f. This is clearly homeomorphic to the orientable S’-bundle over the Miibius 
band lo x I/p. On the other hand, the I-fibres in A x I define a Seifert fibring of A x I/f with two 
exceptional fibres (coming from the two fixed points of f), which is easily seen to be p = 0, n = 2, 
m = 1, a1 = a2 = 2.) 
LEMMA 3. Let M’ be one of the exceptional manifolds listed in Lemma 2. If k is a simple closed 
curve on 8M’ such that some power of k generates a non-trivial cyclic normal subgroup N of 
r,(M’), then there exists a Seifert fibring of M’ with k as jibre. 
Proof. The lemma is clear if M’ is S ’ x D2 or S ’ x S ’ x I. So let M’ be the orientable 
S’-bundle over the Mabius band. Let t, h be generators of the fundamental group of the base and 
fibre respectively. Then r,(M’) = {t, h : t-‘ht = h-‘}. Suppose t”h” E N. Then, in particular, 
t-‘(t”h”)t =(t”‘h”)‘, where E = 21. If E = +l, then h-” = h”, which implies that n = 0. If 
e = -1, then mapping to the quotient group n,(M’)/{h} shows that m = 0. Since k is a simple 
closed curve on the torus aM’ whose fundamental group is generated by h and t’, we see that (up 
to orientation) k = h or k = t2. The two desired Seifert fibrings are those given in the proof of 
Lemma 2. 
Let M be a 3-manifold, with F C M an incompressible surface. Inclusion induces a 
monomorphism a,(F) + p,(M) (we take some point in F as basepoint for F and M). Suppose 
that F does not separate M. 
LEMMA 4. If T,(M) has a cyclic normal subgroup N such that N 4 n,(F), then M is a Seifert 
fibre space. 
Proof. Let M’ = Cl(M - U(F)), so that there are two copies F,, F, of F in JM’, 
corresponding to F x 0, F x 1 in F x I = U(F). Let p : fi --*M be the infinite cyclic covering 
obtained by taking a countably infinite number of copies of M’ and identifying Fz in the i th copy 
with F, in the (i + l)st, for all i, as in [ll, p. 5131. Then n,(fi) is an infinite free product with 
amalgamation. . . *A_,*B_,AO*BoAI* . . . , where each Ai = T,(M’), each Bi = T,(F), and the 
inclusions Bi + Ai, Bi + Ai+, correspond to the monomorphisms induced by the inclusions in M’ 
of F2, F, respectively. With suitable choice of basepoint for &f, the composition 
p,(F) = Bo+ a,(@)2 P,(M) is the monomorphism induced by the inclusion of F in M. 
Let t E T,(M) be the class of a simple closed curve in M which pierces F only at the 
basepoint. Then T,(M) is an extension of ~~(60 by the infinite cyclic group {t}. Let z = t mx, 
x E T,(Q), be an element of N. Then for g E a,(M), we have g-‘(t”x)g = (tmx)““’ for some 
integer n(g). 
If m d 0, then mapping the above equation to {t} shows that n(g) = 1 for all g E r,(M), and 
hence z E centre (T,(M)). Waldhausen’s arguments ([ll], proof of (4.1) in case that centre 
(p,(M)) $ T,(F)) then allow us to conclude that M is a Seifert fibre space. 
In fact, this is the only case that can occur. For suppose N C r,(fi). Write 
n,(l\i) = A-*&A’, where A- = . . . *A_,*s_,Ao, and A’ = AI*s,A2* _ . . . By Lemma 1, either (i) 
N C &, or (ii) B. has index 2 in A _ and A +, or (iii) Bo + A _ or A’ is onto. Case (i) does not occur 
since N $ a,(F). In case (ii), r,(fi) is finitely generated, and it follows from Neuwirth’s 
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argument ([7], p. 31) that Bo+A- and Bo+ A’ are onto. In case (iii), it follows from [l] that again 
Bo+A-andBo+A’ are onto. But this implies that N C n,(a) = r,(F), contrary to hypothesis. 
Again let F C M be a non-separating incompressible surface, and let M’ = Cl(M - U(F)). 
LEMMA 5. If T,(M) has a non-trivial cyclic normal subgroup N such that N C r,(F), and if 
M’ is a Seifert fibre space. then M is a Seifert fibre space. 
Proof. Let F,, Fr be the two copies of F in aM’, as in the proof of Lemma 4. We may regard 
M as being obtained from M’ by identifying FI and Fz. Inclusions induce monomorphisms 
n,(Fi)+ n,(M’)+ r,(M), i = 1,2. Let Gi be the component of aM’ containing F,, i = 1,2. Note 
that F is a torus or annulus, G,, G2 are tori, and we may have G, = GZ. Let k be a simple closed 
curve in F such that km generates N, for some m. For i = 1,2, let k, be the copy of k in E ; then {k,“} 
is a non-trivial cyclic normal subgroup of r,(M’). 
Case (a). M’ is not one of the exceptions listed in Lemma 2. Then, if h, is a fibre of G,, for 
some n we have k,“’ = h,” in G,. Since k, and h, are simple closed curves on a torus, it follows 
(ignoring the orientation of h,) that k, = h,, and hence k, is isotopic to h,. We may thus assume 
that k, = h,. Similarly, we may assume that kz is a fibre of Gt. It follows that we may deform the 
fibring of M’ near F, and Fz so that the homeomorphism bywhich we identify FI and F2 to get M 
is fibre-preserving. Hence M is a Seifert fibre space. 
Case (b). M’ is one of the exceptions listed in Lemma 2. By Lemma 3 there is a Seifert 
fibring of M’ with k, as fibre. If G, = Gz, then (up to orientation) k, must be isotopic to k2, and M 
is a Seifert tibre space as above. If G, f Gz, then M’ is S’ x S’ x I. Let t E n,(M) be as in the 
proof of Lemma 4. Then t-‘k”t = kern. Hence kIm = kz’” (in M’), and therefore k, = kzf’. Hence 
kt is isotopic to a fibre of Gz, and again M is a Seifert fibre space. 
Finally, let F C M be an incompressible surface which separates M, into MI and Mz, say. 
Then T,(M) = T,(M,)* n,,Fj~,(MZ). By an argument similar to the proof of Lemma 5 we have 
LEMMA 6. If T,(M) has a non-trivial cyclic normal subgroup N such that N C T,(F), and if 
M, and M2 are Seifert fibre spaces, then M is a Seifert fibre space. 
Proof of theorem. Case (a). aM* 0. By [ll] or [2] there exists a sequence of 3-manifolds 
M=M,> M, > ... > M, = 3-ball, and incompressible non-separating surfaces E C Mi such 
that M,,, = Cl(M, - U(F,)), 0 I i < n. Inclusions induce monomorphisms r,(E)+ T,(M,) and 
7~,(Mi+,)+ r,(Mi). 
There are two possibilities: 
(i) N C T,(F,) for each 0 I i < n - 1. Note that M.-, is a solid torus, and hence a Seifertfibre 
space. Then applying Lemma 5 (n - 1) times shows that M is a Seifert fibre space. 
(ii) There exists 05 i < n - 1 such that N $ r,(E). Let m be the least such i. Then 
N $ r,(F,,,), so M, is a Seifert fibre space by Lemma 4. Applying Lemma 5 m times now shows 
that M is a Seifert fibre space. 
Case (b). aM = 0. Let F C M be an incompressible surface. There are two possibilities: 
(i) F does not separate M. If N $ r,(F), then M is a Seifert fibre space by Lemma 4. If 
N C P,(F), then M’ = Cl(M - U(F)) is a Seifert fibre space by Case (a) above, and hence M is a 
Seifert fibre space by Lemma 5. 
(ii) F separates M, into MI and Mz, say. Then T,(M) = P~(M,)*,,~~,T,(M~). By Lemma 1, 
either N C r,(F) or T,(F) has index 52 in aI( i = 1,2. In the first case, MI and M, are 
Seifert fibre spaces by Case (a), and hence M is a Seifert fibre space by Lemma 6. In the second 
case, each M, is a twisted line bundle over a closed non-orientable surface G by [3, Theorem I]. 
The following Corollary gives a partial answer to Question 9 of [6]. 
COROLLARY. Let M be an irreducible, orientable, suficiently large 3-manifold. If M is covered 
by a compact Seifert fibre space ti, then M is either a Seifertjibre space or the union of two twisted 
line bundles over a closed non-orientable surface. 
Proof. By the following trick (suggested by H. Zieschang in a letter to us) we can assume that 
the covering p : ti --f M is regular: 
Since p,xl(h;r) has finite index in T,(M), the normal subgroup G = n g-‘a,(M)g 
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(g E x,(M)) has finite index in r,(M), and if & denotes the regular covering space of M 
associated with G, we have finite covering5 
Since fi is a Seifert fibre space, so is fi. 
Thus assume that p : fi + M is a finite regular covering. If ~,(a) has a unique maximal cyclic 
normal subgroup N, then N is characteristic n n,(a) and hence normal in T,(M) and we can 
apply the theorem to M. 
So we have to examine the cases that &f is a ‘small’ Seifert fibre space (in the sense of [9]). 
(a) &# 0. Then fi is either 
(i) S’ x D’. In this case r,(i@ has a unique maximal cyclic normal subgroup. 
(ii) S’ x S’ x I. Then dM has one or two components. Let T be the one which contains the 
basepoint for a,(M) and let M’ be the covering of M associated to r,(T). We have subgroups 
n,(fi)+ T,(M’)+T,(M) such that r,(fi) is normal and has finite index in P,(M). From [IO, 
Lemma 1.61 and [3, Theorem l] it follows that M - S’ x S’ x I or M is a twisted line bundle over a 
Kleinbottle. In both cases M is a Seifert fibre space (by the theorem). 
(iii) The orientable S’-bundle over a Miibius band. In this case n,(a) has a characteristic 
cyclic normal subgroup. 
(b) ati = 0. Note that fi is irreducible and sufficiently large. The ‘small’ closed Seifert fibre 
spaces are discussed in some detail by Orlik in [9, pp. 99-102, pp. 124-1251. Those which are 
orientable, irreducible, and sufficiently large are S’ x S’-bundles over S’, where the generator of 
the bundle group is the homeomorphism S’ x S’ * S’ x S’ given by (i -i) or (-i 1:) (the 
cases (iii), (iv), (ix) of Orlik). If b # 0 then it is not hard to show that r,(fi) has a unique maximal 
cyclic normal subgroup. If b = 0, then in the first case, fi = S’ x S’ x S’, and in the second case 
fi has S’ x S’ x S’ as a two-fold covering. 
Thus assume fi = S’ x S’ X S’. Note that any incompressible (connected) surface F in ti is a 
nonseparating torus and fi cut along fi is homeomorphic to P X I. Let F be an incompressible 
surface in M. Cutting &f along all copies of p -l(F) gives copies of S ’ x S ’ x I which cover M cut 
along F. As in case (a) (ii) it follows that M is either a union of two twisted line bundles over a 
Kleinbottle or M is an S’ x S’-bundle over S’. 
To show that M is a Seifert fibre space in the latter case, it suffices to show that M has finite 
bundle group. We have a short exact sequence 
l+ZxZ+r,(M)P-Z+l. 
Let t E T,(M) be an element such that /3(t) is a generator T of Z. Then t-‘xt = 4(x) 
(x E Z x Z), where (b is the automorphism of Z X Z induced by the homeomorphism 
S’ x S’+ S’ x S’ which generates the bundle group. Let GAn,(M) be ~,(1\;1) = Z x 2 x Z. Since 
G $ Z x Z it follows that /3(G) = (7“) f or some k z 1. Thus G contains an element kx, k 2 1, 
x E Z x Z. Since G has finite index in n,(M), some powers urn, U” of generators u, u of Z x Z 
are in G. But since G is abelian, (t”x)-‘u”(t”x)= u’“, hence (t-“ut”)” = U” and since 
t-*utk E Z xZ, it follows that t-“ut’ = u. Similarly, tdkutk = u. Hence 4* = 1. 
Remark. The coverings S’ x S’ x S’ + M with finite cyclic group of covering transformations 
have been described in detail by J. Hempel[S]. 
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